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The so-called Kelly conjecture' states that every regular tournament on 2k + 1 vertices
has a decomposition into k-arc-disjoint hamiltonian cycles. In this paper we formulate a
generalization of that conjecture, namely we conjecture that every k-arc-strong tourna-
ment contains k arc-disjoint spanning strong subdigraphs. We prove several results which
support the conjecture:

e If D= (V,A) is a 2-arc-strong semicomplete digraph then it contains 2 arc-disjoint
spanning strong subdigraphs except for one digraph on 4 vertices.

e Every tournament which has a non-trivial cut (both sides containing at least 2 vertices)
with precisely k arcs in one direction contains k arc-disjoint spanning strong subdi-
graphs. In fact this result holds even for semicomplete digraphs with one exception on
4 vertices.

e Every k-arc-strong tournament with minimum in- and out-degree at least 37k con-
tains k arc-disjoint spanning subdigraphs Hi, Ha,..., Hj such that each H; is strongly
connected.

The last result implies that if 7" is a 74k-arc-strong tournament with specified not nec-

essarily distinct vertices ui,us2,...,ux,v1,v2,...,v; then T contains 2k arc-disjoint branch-
ings FJNF[w...,F@,F;:7F$7...7F$€ where F,; is an in-branching rooted at the vertex u;
and va is an out-branching rooted at the vertex v;, i=1,2,..., k. This solves a conjecture

of Bang-Jensen and Gutin [3].

We also discuss related problems and conjectures.
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1. Introduction

By a well known theorem of Nash-Williams every 2k-edge-connected graph
contains k edge-disjoint spanning trees (see e.g. [2, Section 9.5]). This im-
plies that every 2k-edge-connected graph contains k edge-disjoint spanning
connected subgraphs. Furthermore, since GG contains k edge-disjoint span-
ning connected subgraphs if and only if it contains k£ edge-disjoint span-
ning trees, it can be decided in polynomial time whether a given graph
G has such subgraphs G1,Ga,...,G) (using any polynomial algorithm for
finding k£ edge-disjoint spanning trees). For directed graphs the situation is
much more complicated. It is an NP-complete problem to decide whether a
given digraph contains arc-disjoint spanning strong subdigraphs (see Corol-
lary 6.7). Furthermore, it is not even known whether there is any degree of
strong connectivity which guaranties that a digraph D has two arc-disjoint
strong spanning subdigraphs. We will discuss this problem in Section 6.

In this paper we consider the problem above for tournaments. We pose
the following conjecture which contains the Kelly conjecture as the special
case when n=2k+1.

Conjecture 1.1. A tournament 7' can be decomposed into k arc-disjoint
spanning subdigraphs if and only if 7" is k-arc-strong.

As mentioned in the abstract we prove several results in this paper which
provide some support for the conjecture.

The paper is organized as follows: We first provide the necessary termi-
nology and some basic results that are used later. Then we prove Conjec-
ture 1.1 for the case when the tournament in question contains a non-trivial
k-cut (that is a cut (S,V —.S) with precisely k& arcs from S to V — .S and
|S],]V — S| >2). In fact we prove this even for semicomplete digraphs with
one exception on 4 vertices. In this proof we use two well known non-trivial
results from graph theory. In Section 4 we prove that if D is a 2-arc-strong
semicomplete digraph, then D contains 2 arc-disjoint spanning strong subdi-
graphs with one exception on 4 vertices (the same as above). This implies a
result by Bang-Jensen on arc-disjoint in- and out-branchings in tournaments
[1]. In Section 5 we provide further support for Conjecture 1.1 by showing
that every k-arc strong tournament 7' with minimum in- and out-degree at
least 37k contains arc-disjoint spanning strong subdigraphs Hi, Ho,..., Hy
(In particular every 37k-arc-strong tournament contains k arc-disjoint span-
ning strong subdigraphs).

It follows from our constructive proof that one can find such a collec-
tion Hy, Ho,..., Hy of spanning strong subdigraphs in polynomial time. The
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method we use involves iteratively constructing large arc-disjoint strong sub-
digraphs of T such that the subdigraph D’ induced by the union of the arc
sets of these subdigraphs contains a large set of vertices X (containing all
vertices from T' except possibly a linear function of k vertices) and for any
two vertices z,y € X, D’ contains k arc-disjoint (z,y)-paths.

Our proof uses several results from [4] on digraphs in which the number of
non-neighbours of each vertex is bounded by some constant ¢ and digraphs
in which some vertices may have more than ¢ non-neighbours but the total
number of such vertices is bounded by some other constant.

Finally, in Section 6 we derive some consequences of our results and
discuss related open problems.

2. Terminology and Preliminaries

For notation or terminology not discussed here we refer to [2]. We shall
always use the symbol n to denote the number of vertices in the digraph
currently under consideration. The digraphs in this paper are finite and have
no loops but may have multiple arcs. We use V(D) and A(D) to denote the
vertex set and the arc set of a digraph D. The underlying undirected graph
of D, denoted UG(D) is the (multi)graph one obtains by suppressing the
orientations on each arc. The complement graph of an undirected multigraph
G=(V,E) is the undirected graph G whose vertex set is V and two vertices
2,7 are joined by an edge in G precisely when zy & E.

The arc from a vertex x to a vertex y will be denoted by zy. If zy is an arc
then we say that © dominates y and write x—y to indicate this. Two vertices
x and y are adjacent if there is at least one arc between them. Let S be a set
of vertices in the digraph D. Then d*(S) denotes the number of arcs from
S to V(D)—S and d™(S) the number of arcs from V —S to S. In particular,
if z is a vertex d*(z) (d~(z)) denotes the number of arcs whose tail (head)
is z. The degree d(x) of a vertex x is the number of arcs incident with x
that is d(z)=d ™ (x)+d~ (z). If we want to specify the degree of a vertex in
a subdigraph D’ of D we may write dB, () say. The minimum degree of a
digraph D, denoted §°(D), is 6°(D)=mingcy {min{d* (z),d" (z)}}. We use
NT(S) to denote the set of vertices in V(D) — S that are dominated by a
vertex in S.

If H is a subgraph of UG(D) then we denote by dg(v) the degree of v
in the undirected subgraph of UG(D) induced by the edges of H. We shall
often use this notation when H is the subgraph induced by a subset of A(D)
(considered as edges in UG(D)).
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If X CV(D) then we denote by D(X) the subdigraph induced by X in D,
that is D(X) has vertex set X and contains precisely those arcs from A(D)
which have both end vertices in X. A set of vertices S in D is independent
if no arc of D has both end vertices in S. We denote by a(D) the maximum
size of an independent set in D.

By a cycle (path, respectively) we mean a directed (simple) cycle (path,
respectively). If W is a cycle or a path with two vertices u,v such that u
can reach v on W, then Wu,v] denotes the subpath of W from u to v. A
cycle (path) of a digraph D is hamiltonian if it contains all the vertices of
D. A digraph is hamiltonian if it has a hamiltonian cycle.

Let U,W be two subsets of V(D). A (U,W)-arc is an arc xy with x€U
and yeW. A (U,W)-path is a path x1xs...x such that 1 €U,z € W and
x;, UUW for i=2,3,...,k—1. An (z,y)-path is a path from z to y.

A digraph D is strongly connected (or just strong) if there exists an (z,y)-
path and a (y,z)-path for every choice of distinct vertices x,y of D. A digraph
D is k-arc-strong for some k> 1 if D — A’ is strong for every subset A’ of
A(D) such that |A'| <k —1. We denote by A(D) the maximum k& for which
D is k-arc-strong. Whenever x and y are distinct vertices of D, we denote
by Ap(x,y) the maximum number of arc-disjoint (z,y)-paths. By Menger’s
theorem A\p(x,y) >k for all ,ye V(D) if and only if D is k-arc-strong.

A digraph D is semicomplete if a(D)=1. A tournament is a semicomplete
digraph with no cycles of length 2. The complete digraph on n vertices,
denoted K is the digraph in which each pair of distinct vertices induces a
2-cycle.

An out-branching (in-branching) rooted at r in a digraph D is a spanning
tree F' in UG(D) which (in D) is oriented in such a way that every vertex
except r has precisely one arc coming in to it (going out of it). The following
classical result is due to Edmonds:

Theorem 2.1. [6] Let D be a directed graph and r a vertex of V(D) and
let k be a natural number. There exist k arc-disjoint out-branchings (in-
branchings) all rooted at r in D if and only if Ap(r,v)>k (Ap(v,r)>k) for
every ve V(D) —r.

Lemma 2.2. Let D be a semicomplete digraph and let k be an integer, such
that 3=,y (pymax{0,k—d*(z)} <k—1. Then we must have |V(D)|>k+1.
Proof. Let n=|V(D)| and note that the following must hold n(n—1) >
|A(D)| =X sev(p)d*(z) >nk—(k—1). By rearranging the terms we get that
(n—1)(n—k)>1, implying that n>k+1. |
Lemma 2.3. Every 2-arc-strong semicomplete digraph H has 3 distinct
vertices q1,q2,qs such that H — q; is strong for i=1,2,3.
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Proof. Since strong semicomplete digraphs are vertex pancyclic, it is easy
to see that every strong semicomplete digraph D on at least 4 vertices has
two vertices x1,x9 such that D — x; is strong for ¢ =1,2. If H has at most
5 vertices then it is easy to check that H —z is strong for every vertex x so
we may assume that |V(H)|>6. Let z1,x2 be chosen such that H —{x1,x2}
is strong. Since 6°(H) > 2 it follows that H — x; is strong for i = 1,2. Let
H'=H—{z1,22} and let x3,24 be chosen such that H'—x; is strong for each
i1=3,4. Now it is easy to show that H —x3 is strong unless all arcs between
{z1,29} and V —{x1, 29,23} have the same direction. In that case H —z4 is
strong. |

Lemma 2.4. Let D be a k-arc-strong semicomplete digraph and let x €
V(D) have d*(z)=k and d~ (x)> k. If there exists a 2-cycle xyz in D, such
that d*(y) >k then D —yx is k-arc-strong.

Proof. Let D' = D —yx and assume that D’ is not k-arc-strong. Let () #
S CV(D') be defined such that d*(S) is minimum. By our assumption we
get that d*(S) <k. Note that as D is k-arc-strong, we must have y € S and
z¢S. Let D*=D(S) and note that 3>, cy(p) max{0,k—d}. (u)} <k—1. By
Lemma 2.2 it follows that |S|>k+ 1. If there are r arcs from S to z in D,
then there must be at least k+1—r arcs from = to S (as D’ is semicomplete),
and at most k— (k4+1—7r)=r—1 arcs from z to V(D')—=S (SUz#V, as
dp(z)>k). Therefore df, (SUz)<d},(S), a contradiction. |

Lemma 2.5. Let D be a k-arc-strong digraph, and let C' be a cycle in D.
Then the digraph obtained by reversing all arcs in the cycle C is also k-arc-
strong.

Proof. Let D’ be the digraph obtained by reversing all arcs in the cycle C.
Let ) #£S C V(D) be arbitrary. Note that the cycle C has equally many arcs
from S to V(D)—S as it does from V(D)—S to S. Therefore d}, (S)=d}(S),

which implies the lemma. ]

Lemma 2.6. Let D be a k-arc-strong semicomplete digraph, and let x €
V (D), have the property that d*(w)=k, for allwe N*(x). If §°(D—x) >k,
then D —x is k-arc-strong.

Proof. Let D'=D —x and assume that D’ is not k-arc-strong. Let (£S5 C
V(D') be defined such that df,(S) is minimum. By our assumption we get
that d},,(S) <k. As D is k-arc-strong, there must be a vertex w € N (z),
which also belongs to V(D')—S (if not then d*(SU{x}) <k). By Lemma 2.2
we get that |S|>k+1. Analogously to the proof of Lemma 2.4 we can obtain
a contradiction to the minimality of d™(S) (we consider SU{w}). |
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3. Decomposing a semicomplete digraph D with a non-trivial
A(D)-cut

We shall use two well known results in this section. The first one was known
under the name ‘“The Evans conjecture” and originally dealt with partially
completed Latin squares, but it is easily restated as below.

Theorem 3.1. [8] Let B be a complete bipartite graph (undirected), with
n vertices in each partite set, and let R be a set of edges in B, such that
|R| <n—1. Then we can decompose E(B) into n edge-disjoint matchings
My, M, ...,M,, such that |M;NR|<1 for all i=1,2,...,n.

Corollary 3.2. Let B = (X,Y,E) be a complete bipartite graph (undi-
rected), with | X|=t, |Y|=s and t > s. Let R be a set of edges in B, such
that |R| < s. Then we can colour the edges of B by |R| colours in such a
way that all edges in R receive distinct colours and every vertex in XUY is
incident with all |R| colours.

Proof. Add t—s new vertices to Y and join them completely to X. Let B'=
(X,Y’,E’) denote the resulting complete bipartite graph with 2t vertices.
By Theorem 3.1 we can colour the edges of B’ by t colours in such a way
that all edges in R receive different colours and every vertex in X UY” is
incident with all ¢ colours. If some vertex x € X has its edge of colour i <|R)|
to a vertex in ¢ €Y' —Y then it must have an edge of some colour j > |R|
to a vertex y € Y. Now recolour the edge xy by i. It is easy to see that
we can continue doing so until every vertex in X has edges of each colour
1,2,...,|R| to vertices in Y. Since we only recolour an edge incident with
y €Y if it has a colour j > |R|, every vertex in Y has edges of each colour
1,2,...,|R]| to vertices in X when the process stops. Now delete the vertices
of Y=Y and recolour any remaining edge of colour j>|R| by colour 1 and
the claim is proved. |

The second result we use is due to Tillson and characterizes when one can
decompose the arc set of the complete digraph into arc-disjoint hamiltonian
cycles.

Theorem 3.3. [11] The arc set of the complete digraph on k vertices can
be decomposed into arc-disjoint hamiltonian cycles if and only if k#4,6.

Let Ssp, be the semicomplete digraph one obtains from two disjoint copies
of K}, by adding a perfect matching from one copy to the other and all
remaining arcs in the opposite direction (see Figure 1).
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Figure 1. The semicomplete digraph Ssi. Each box is a K}, and all arcs go from the
right box to the left except for the k£ arcs shown which form a perfect matching. Note
that there is no 2-cycle with one end in each Kj.

Lemma 3.4. Let D be a semicomplete digraph which is isomorphic to So,
for some k>2. Then D contains k-arc-disjoint spanning strong subdigraphs
except when k=2.

Proof. It is easy to see that S; is 2-arc-strong but has no two arc-disjoint
spanning strong subdigraphs. Figures 2 and 3 show decompositions of Sg and
S10 into 3 and 5 arc-disjoint spanning strong subdigraphs respectively. Hence
we may assume that k ¢ {2,3,5}. By Theorem 3.3 the complete digraph
K}, has a decomposition into k arc-disjoint hamiltonian cycles. Thus by
deleting the k+ 1’st vertex we obtain a decomposition of K} into k arc-
disjoint hamiltonian paths P;, Ps,..., P, such that P; starts in x; and ends
in . for i=1,2,...,k where the vertex set of K} is {z1,22,...,7;} and
7 is a permutation of {1,2,...,k}. Note that, by the construction of the
paths Py, P,,..., Py, 7(i) # ¢ holds for all i. Now let the vertices of Sy be
{x1,29,..., 2} U{2], 2, ..., 2} }, where the labelling of the last k vertices is
chosen such that {z;2}:i=1,2,... ,k} are the only arcs from {z1,x9,...,2x}
to {z,25,...,2}}. Let P! be the (a:;r(i),a;;)—path in the right copy of Kj
corresponding to the path P; in the left copy of K; with all arcs reversed.
Let A(H;) = A(P;) UA(P)) U{CU;»TW(@),$;(i)$i,$w(i)$;(i)} for i = 1,2,... k.

Then Hy, Ho,...,H} are the desired spanning strong subdigraphs. ]

Theorem 3.5. Let k>1 and let D be a k-arc-strong semicomplete digraph
such that there a set S C V(D), with 2 <|S| <|V(D)| -2 and d*(S) = k.
There exist k arc-disjoint strong spanning subgraphs of D except if D=.54.
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(VG 1y

Figure 2. Decomposing the semicomplete digraph Sg into 3 arc-disjoint spanning strong
subdigraphs.

Ll

Figure 3. Decomposing the semicomplete digraph Sio into 5 arc-disjoint spanning
strong subdigraphs.

Proof. We may assume that D is not isomorphic to 54 since we saw in
the beginning of the proof of Lemma 3.4 that S; has no two arc-disjoint
spanning strong subdigraphs.

Using an argument analogous to that in the proof of Lemma 2.2, we
obtain that k < |S| <n—k (by showing that |S| >k and |V(D)— S| >k,
respectively). If |S|=|V — S| =2 then D contains Sy as a proper spanning
subdigraph and it is easy to check that adding any arc to Sy will result in a
digraph with two arc-disjoint strong spanning subdigraphs. Hence we may
assume that n>5. Let eq,es,...,e; be the k arcs from S to V(D)—S, and let
e =xy;, for i=1,2,... k. Let X ={x1,29,...,2} and Y ={y1,92,..., Yk }.
Note that we may have |X| < k or |Y| < k or both. We may assume, by
reversing all arcs if necessary, that |V —S|>|S].
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By Lemma 3.4 and the remark above, we may assume that |V — S| >|S|
if |S| = k. By Corollary 3.2 (with R = {ej,ea,...,ex}) we can colour all
arcs between S and V(D) — S with k colours, such that the arcs from S to
V(D)—S get different colours and every vertex in V' is incident with arcs of
all k colours. Note that if |V —S|=|S| >k this follows from Theorem 3.1.

Assume, without loss of generality, that the arc x;y; is coloured with
colour i, and let F; contain all arcs between S and V(D) —.S of colour i.

By Theorem 2.1 there exists k arc-disjoint out-branchings Uy,Us,..., Uy,
in D(V(D)—S), such that U; is rooted at y;, for i =1,2,...,k (consider k
arc-disjoint out-branchings from any vertex in S. Each of these must contain
exactly one of the arcs e, es, ..., eg. Thus the out-branching that contains the
arc e; must contain an out-branching from y; in D(V (D) —S)). Analogously,
there exists k arc-disjoint in-branchings Vi,V5,..., Vg, in D(S), such that V;
is rooted at x;, for i=1,2,... k. Let T; =V;UU;UF;, for i=1,2,... k. Clearly
T1,Ts,..., T are arc-disjoint and spanning. Each T; is furthermore strong:
by the construction of the colouring, every vertex in V is incident to an arc
of colour i, every vertex in V(D)—S—y;, has an arc in 7; into S, and hence
every vertex in V' can reach y; (via V; and the arc x;y;) and every vertex in
S —x; has an arc in T; from V (U;), implying that all vertices of V' can be
reached by y;. This completes the proof. ]

4. Decomposing 2-arc-strong semicomplete digraphs

In this section we solve completely the problem of decomposing a 2-arc-
strong semicomplete digraph into two strong spanning subdigraphs.

Theorem 4.1. Let D be a 2-arc-strong semicomplete digraph, on n ver-
tices. Then D has two arc-disjoint spanning strong subgraphs, if and only if
it is not isomorphic to Sy, defined in Figure 1.

Proof. Let D be a 2-arc-strong semicomplete digraph. We will now prove
the theorem by induction on n = |V(D)|. If n =3 then D = K3 which has
two arc-disjoint 3-cycles.

Suppose first that n=4. As we argued earlier S4 does not have two arc-
disjoint spanning subdigraphs. If D is not isomorphic to Sy, then let C be
any 4-cycle in D, and note that if D — A(C) is not strong, then D contains
S4 as a subgraph. It is not difficult to check that if we add any additional
arc to Sy, then the new digraph will have the desired property.

If n=5, then let C be any 5-cycle in D. If D— A(C) is not strong, then
there are two strong components @)1 and Q2 in D—A(C') such that there is no
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arc from @9 to Q1. However it is not difficult to check that Q; and Qo form
a non-trivial cut in D (with df(Q2)=2), so we are done by Theorem 3.5.

So now assume that n>6. Let Q={q|d"(q)=2} and W ={wl|d™ (w)=2}.
Furthermore assume that there is no set S, such that 2 < |S| <n—2, and
d*(S) =2, as then we would be done by Theorem 3.5. For any vertex w
with the property that D —w is strong we let the set R(w) be defined
by R(w) = {z € V(D) —w : min{d}, ,(x),d_, ()} =1}. Without loss of
generality assume that |Q| > |W] (otherwise reverse all arcs), and consider
the following cases.

1. |Q| <2: Suppose first that there exists a vertex w such that D'=D —w
is strong and R(w) = () or equivalently §°(D’) > 2. Let V(D') =
{x1,29,...,25-1}, where the labelling is chosen such that dj,(z1) >
db (w2)>...>d},(zn-1). Let a be maximum, such that z,—w. If there is
any vertex z such that w—z and x, does not dominate z then we choose
b as small as possible such that w—zy, and z, does not dominate xj. If
such a b exists, then let D" =D’'Ux,xp, otherwise let D" =D’.

We will show that D" is 2-arc-strong (it is clearly strong). Suppose that
Z is a proper subset of V(D"), such that d},,(Z2)=1, let Z=V(D)—Z,
and let zy be the arc going from Z to Z. We now consider D’ instead
of D". As D' is strong we also have d},(Z)=1. Note that |Z|,|Z|>1 as
§°(D") > 2. Furthermore, as D’ is strong there is at least one arc from y
to a vertex in Z and at least one arc into = from a vertex in Z. Thus we
have df,(q) >|Z|, for all g€ Z and d},(q) <|Z|, for all g€ Z. As D has no
non-trivial 2-cut there are least two vertices in Z dominating w and at
least two vertices in Z which are dominated by w. So x, € Z and x, € Z
(and b exists), contradicting the assumption that dJ[),,(Z )=1. Hence we
have shown that D” is a 2-arc-strong semicomplete digraph.

By induction we can find two arc-disjoint strong spanning subgraphs
Hy,Hs in D", If one of these, say w.l.o.g., H uses the arc z,x; (defined
above), then replace this arc by the path x,wzxp and include w in Hs using
arbitrary arcs ww and wv, where u # x,,v # xp. Otherwise include w in
each H; using two distinct arcs into w and two distinct arcs leaving w. In
both cases we obtain two arc-disjoint strong spanning subgraphs in D.
Hence we may assume that |R(w)| > 1 for every w such that D —w is
strong. If there exists a w such that D—w is strong and |R(w)|=1, then
w.lo.g. (by reversing all arcs if necessary) R(w) = {z} where N} (z)=
{y,w} for some y. Now it is not difficult to see that we can argue as we
did above (If there is a Z with d5,(Z)=1 and | Z|,|Z| > 1 then we can use
the same argument and if Z={z} then z, will become x and z} exists
since D has no non-trivial 2-cut).
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Now consider the case when |R(w)| > 2 for every w such that D —w
is strong. By Lemma 2.3, D has at least 3 vertices wi,wo, w3 such that
D — w; is strong. Now it follows from the fact that |[W| <|Q| <2 that
we can choose w such that D — w is strong and precisely one vertex y
in D —w has in-degree 1 and precisely one vertex x has out-degree 1 in
D —w (and since we were not in any of the cases above, D has at most 4
vertices z such that D —z is strong). If there is no arc from x to y, then
it follows from the arguments above that D —w 4+ xy is 2-arc-strong and
we can finish as above. Hence we may assume that x—{w,y} and w—uy.
Let M =D —{z,y,w} and let My, Ms,..., M, be the acyclic ordering of
the strong components of M (i.e. there is no arc from M; to M; for any
i,j such that 1<i<j<r).

If r=1, then let C'=ujus...u,_3u; be a hamiltonian cycle of M which is
chosen such that wu; and u,,_sw are arcs of D (this is possible since w has
an in-neighbour and an out-neighbour on C'). Let H; be the hamiltonian
cycle zwyCluy,un,—sle and let A(Hz) ={yu; :i# 1} U{ujz:j#n—3}U
{wuy,up—sw,zy}. Now Hy and Hs are the desired spanning subdigraphs.
Hence we may assume that r > 2. Observe that if M; ={z} then w—z
(since x has no arc to M) and similarly, if M, ={z'} then z’—w. Now
it is easy to see that if |M;|=|M,|=1 then D has a hamiltonian cycle
C' so that D — (" is strong. Hence we may assume that at least one of
My, M, has size greater than one. If both have size at least 2 then let uv
be any arc in M and pq any arc in M, and let P be a hamiltonian path
in M from v to p. Then D —C” is strong where C” is the hamiltonian
cycle yPzwy. To see this it suffices to note that D—C" contains the arcs
{y—z:ze M —v}U{z—z:2€ M —p}U{uv,pq,zy,wf,gw}, where f and
g are an out-neighbour and an in-neighbour, respectively, of w in M. In
the remaining case we may assume w.l.o.g. that M; ={z} and |M,|>2.
Let pg any arc in M, and let P’ be a hamiltonian path in M from z
to p. Then C* = xwyP’z is a hamiltonian cycle and again we see that
D — C* is strong unless z is the only in-neighbour of w in M. In this
last case let H be the cycle zwP’x and let 2’ be the third vertex on P’.
Let A(Hy) = A(H)U{yz',wy} and let A(Hy)={yv:ve M —z}U{vz:
vEM—ptU{z—2,pq,zw,wp,xy}. Then Hy and Hy are the desired
subdigraphs.

2. |Q|=3 and @ is acyclic: Then let Q ={q1,4¢2,q3}, such that A(D(Q)) =
{q142,9143,q2q3}. Note that in D' = D — {q;} we have §°(D’) > 2. By
Lemma 2.6, D’ is 2-arc-strong. By induction there exists two arc-disjoint
spanning strong subgraphs, T} and Ty, in D’. Since gq; is dominated by
all vertices of D — (@ and dominates ¢2,g3 we can add ¢; to each of 11,75
and obtain the desired subdigraphs of D.
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3. |Q|=3 and @ contains a cycle: Then as @ is not a non-trivial cut (with
dT(Q) = 2), we must have that @ is an induced 3-cycle, say q1¢2q3q1-
We now consider the cases when |[NT(Q)| =1 and when [NT(Q)| > 1,
separately.

If INT(Q)| = 1, then let NT(Q) = {w} and let U; and Uy be two
arc-disjoint out-branchings rooted at w in D — @. Such branchings ex-
ist, by Theorem 2.1, since every out-branching rooted in w in D must
contain an out-branching from w in D(V —Q) as NT(Q) = {w}. Let
Ty = Uy U{q1q2,92q3, 3w} U{sqi|s € V(D) —Q — {w}} and let Ty =
Us U{q3q1, 1w, gw}U{sq2,5q3|s € V(D) —Q—{w}}. Note that 77 and Th
are arc-disjoint spanning strong subgraphs in D.

If INT(Q)] > 1, then let N*(Q) = {w1,...,w,}, where r =|NT(Q)|. As
there are only 3 arcs from @Q to N (Q), there is a vertex in N (Q), which
only has one arc into it from . Without loss of generality assume that
this is wy, and assume that the arc from @ into w; is g3w;. Note that
q3w1qaqs is a 3-cycle in D. Let D’ be the semicomplete digraph obtained
from D by reversing the arcs in the cycle gswigogs. By Lemma 2.5 D’
is 2-arc-strong. The set {q|d}; (¢) = 2} is now acyclic. As above (using
Lemma 2.6), we see that there exists two arc-disjoint spanning strong
subgraphs, T} and T, in D' —{qg3}. If none of T},T use the arc gawy,
then we can add g3 to each of these and obtain the desired subdigraphs
of D. Otherwise we may assume w.l.o.g. that T uses gawi. Now replace
that arc by the arcs ¢2q3,q3w; and insert g3 in 75 using the arc ¢sq;
and any arc into g3 from D — {q1,¢2,q3,w1}. This gives us the desired
subdigraphs in D.

4. |Q|>4: Then it is not difficult to check that |Q|=4 and @ is a non-trivial
cut (with d*t(Q)=2), a contradiction.

As the above cases exhaust all possibilities, we have proved the theorem. I

Corollary 4.2. [1] Let D be a 2-arc-strong semicomplete digraph and let
u,v be arbitrary vertices of D. Then D contains arc-disjoint branchings
F.F F, such that F is an out-branching from u and F); is an in-branching
into v.

Proof. This follows immediately from Theorem 4.1 except in the case when
D=5, in which case the claim is easily verified. ]
5. Decomposing tournaments with high minimum degree

In this section we shall use the following results which were first proved in
[4] (as Theorem 4.2 and Corollary 4.3).
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Theorem 5.1. Let D be a strong digraph, let R denote the comple-
ment graph of UG(D) and let ¢ > 0 be an integer. Suppose we have
Ydn(w>cldr(w) — ] < q. Then there exists a strong spanning subdigraph
H of D such that |A(H)|<n+c++/2q.

Corollary 5.2. Suppose D= (V, A) satisfies the hypothesis of Theorem 5.1
and let D be obtained from D by subdividing some arcs. Then D contains
a strong subdigraph H=(V,A) such that VCV and |A|<|V|+c++v2q. 1

The following lemma was also proved in [4].

Lemma 5.3. Let T be a tournament and R a subset of A(T'). Suppose that
Yo fueV (T):dp (>} [dr(v) —c] <gq and that z is a vertex such that

(1) di(u) < df(z) + for allu € V(T).

Let W be the set of vertices which are not reachable from z by a directed
path in D=T — R. Then

[W| <2c+2dr(z) + 2y — 1+ +/2q.

We will now prove the following theorem which implies that we can al-
ways obtain about %)\(D) arc-disjoint spanning strong subdigraphs in any
tournament. Note that in the case when A(D) <37k the result below follows
from Theorem 3.5.

Theorem 5.4. Let T be a k-arc-strong tournament, with §°(T) > 37k. Then
there exists k arc-disjoint spanning strong subgraphs in T'.

Proof. Let T = (V,A) be a k-arc-strong tournament on n vertices, with
§°(T) > 37k. Let vi,v9,...,v, be an ordering of the vertices of T such
that d*(v1) < dt(ve) < ... < d*(v,). Note that since T is a tourna-
ment this ordering also satisfies d~(v1) > d” (v2) > ... > d ™ (v,). Let
X ={vn—k+1,9n—k+2,---,0n} and Y ={vy,v9,..., 0% }.

Since T' is k-arc-strong, it follows from a slight extension of Menger’s
theorem (see e.g. [2, Exercise 7.17]) that there are k arc-disjoint paths
P, P,...,P, from Y to X such that all end vertices of these paths are dis-
joint. Let y1,y2,...,yr and x1,x9,..., 2 be distinct vertices which are chosen
such that X ={x1,79,..., 2}, Y ={y1,¥2,...,yx} and P; is a (y;, ;)-path for
i=1,2,...,k. Note that P; may contain several vertices from XUY —{x;,y;}.

Define ¢; = v; =2k —2, i =1,2,...,k and q1,qo,...,qr+1 recursively as
follows:

Q1:Oa
(2) QZ:qul+2(2k_2+ quifl)a Z:2>3avk+1
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Note that we have ¢ < g2 <... <qra1 and it is not difficult to show by
induction on i that ¢; <16k(i—1). In particular, we have g1 <16k

We will now construct arc-disjoint strong subdigraphs Hy, Ha,..., Hy (in
that order) of T. Given Hy,Ho,...,H;—1 (1 =1,2,...,k—1), we define the
following sets
L; :A(Hl) UA(HQ) U... UA(Hifl).
R,=L; UA(PZ'+1) UA(P/L'+2) U... UA(Pk)
Zi={z€V|d,(z)>10k}.
Wi:XUYUZZ'—{ZEi,yi}.
Define the digraphs D;,D; and D;* as follows: D; = T — R; and let
D: =D; —W;. Finally let D:* = D: U V(PZ) UA(PZ)

Assume that we have found arc-disjoint strong subdigraphs Hy, Hs, ...,
H;_1 so that the following holds.

(A): i) Y, w>2ld; (W) =2 < g;.

B): ZdRi (u)>c4 [dRz ('LL) - ci] < q;-

): | Zi| <2k and |W;| <4k —2.

): dr, (i), dp, (i) <2k —2.

We claim that D]* is strongly connected. Let () be all the vertices in D}
which cannot be reached by x;. By Lemma 5.3 (with y=4k—2) we get that

Q] < 2¢; + 2dg, (z;) + 2(4k — 2) — 14+ /2¢;
< (4k —4) + (4k — 4) + 8k — 4) — 1 + 6k
(3) = 22k — 9.

(
(C
(D

Note that D} contains no vertex from Z; (neither x; nor y; belongs to Z; by
(D)). Let re V(D) be arbitrary. Since r ¢ Z; we have

(4) dp-(r) > 3Tk — 10k — k — (4k — 2)
= 22k + 2.

This follows from the fact that there are at least 37k arcs into r in 7" and as
we have used at most 10k of them in the H;’s so far (as r ¢ Z;) at most k
in the P;’s and at most 4k —2 into vertices in W; (by (C)). It follows from
(3) and (4) that r can be reached from x; (as if r couldn’t be reached then
N7 (r) couldn’t be reached). Analogously we get that all vertices in D} can
reach y; in D7. Since D* =D;UV(P;)UA(P;) it follows that D}* is strong,
which proves the claim.

By Corollary 5.2 (with ¢; and ¢;, in the place of ¢ and ¢ in the theorem),
we can find a strong spanning subdigraph H; of D}* with |A(H;)| <|V (H;)+
ci+/2¢;.
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We can now prove (A)—(D) by induction on i. Suppose first that ¢ = 1.
Then (A) holds vacuously and since L1 =0 and Ry = A(P;)U...UA(Py) it
follows that (C) and (D) hold. Finally, as no vertex is incident to more than
two arcs on each Pj, j=1,2,...,k and ¢; =2k —2, (B) also holds.

Suppose now that (A) and (B) holds for some i < k. We will now show
that (A) and (B) holds for i+ 1. By the construction of H; above we have
|A(H;)| <|V(H;)|+ci++/2¢;. Since every vertex in H; has degree at least two
(in the undirected sense) this implies that 2, (wy>2ldm, (u)—2] <2(citv/2q;).
By the recursive definition of ¢;11 we have ¢;11 —q; = 2(2k —2+/2¢;) =
2(c;4++/2¢;). Now we see that (A) holds for i+1. To see that (B) holds given
(A) it suffices to observe that every vertex has degree at least 2 in every
Hj constructed so far and at most 2 in each P, t=1,2,... k. Hence every
vertex u contributing to the sum in (B) contributes with at least the same
amount to the sum in (A).

Note that every vertex in Z;;; must contribute at least 10k —c;41 to
the sum in (B), implying that ¢;+1 > |Zi+1|(8k +2). As we have seen that
¢i+1 < 16k? this implies that |Z; 1| <2k, which was the first part of (C). The
second part of (C) follows immediately from this and the definition of W;.

In order to prove that (D) holds for i+ 1, we note that if x;11 or y;4;
are used in any subgraph H; € {H,Hs,...,H;_1}, then it must be because
it lies on the corresponding path, P;, in which case it will have degree at
most 2 in H;. This implies that the degrees of x;11 and y; 41 are at most 2
in each of the subgraphs Hy,Ho,...,H;—1, P11, Pita,..., P, implying (D).

We have now constructed Hy, Ho,...,Hy. Let H*=V (H,)NV (Hz2)N...N
V(Hg) and W* = X UY U{z|dr+(2) > 10k}, where R* = A(H)U A(H3) U
...UA(Hg). Note that V(T)— H* C W*, as W; C W*. Let w € W* be
arbitrary, and Assume that w¢ Z; but we Z; ;. By the construction of Hj,
Jj=i+1 this means that w is incident to at most 2 arcs in each H;. By the
construction of H; we have |A(H;)| < |V (H;)|+ ¢; ++/2q;. This implies that
dp, (w) <2+2¢;+24/2q; (consider any ear decomposition of H;). Now we see
that

k
dp+ (w) < dp, (w) +dp,(w) + Y dp;(w)
j=it1
< 10k + (2 + 2¢; + 2/2;) + 2(k — i)
< 10k + (16k + 2) + 2k
< 28k + 2 < 30k.

Furthermore |W*| <4k by a similar argument as when we proved (C)
above (using that qz1 < 16k%). As 6°(T) > 37k this implies that every
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vertex in W* has at least 3k arcs into H* and 3k arcs from H*. Therefore
it is not difficult to connect every vertex in W* to every H;, which it does
not already belong to, by disjoint arcs (one in each direction). This gives us
the desired arc-disjoint spanning strong subdigraphs. ]

6. Further Consequences and Open Problems

The following result, which proves a conjecture of Bang-Jensen and Gutin
from [3] (see also [2, Conjecture 9.9.12.]), is an immediate consequence of
Theorem 5.4. Note that if Conjecture 1.1 is true, then already 2k-arc-strong
connectivity suffices.

Theorem 6.1. Let T' = (V,A) be a T4k-arc-strong tournament and let
Ul,..., Uk, VU1,...,V be not necessarily distinct vertices of T'. Then T con-
tains 2k arc-disjoint branchings FJ,...,F&,FUZ,...,FUZ such that FJ; is
an out-branching rooted at u; and F,  is an in-branching rooted at v; for

i=1,2,... k.

Note also that we only proved Theorem 5.4 for tournaments. Our proof
depends on the fact that XNY =0 (with X,Y defined in the proof) and this
is not always the case for semicomplete digraphs. However, since every semi-
complete digraph D contains a spanning tournament with arc-connectivity
at least A(D)/2 (see e.g. [2, Theorem 7.14.1]) it follows that the conclusion
of Theorem 5.4 (and Theorem 6.1) holds when we double the requirement
on the degree (connectivity).

As we mentioned in the introduction, Conjecture 1.1 contains the Kelly
conjecture as a special case. On the other hand, one can construct k-arc-
strong tournaments 7" on arbitrarily many vertices for which AN(T —z) < k
for every x € V(T') (for instance by modifying slightly the idea used by
Thomassen on page 166 of [10]). Hence Conjecture 1.1 does not seem to
follow easily from the Kelly Conjecture. The following two Conjectures rep-
resent successive weakenings of Conjecture 1.1.

Conjecture 6.2. Let k,s and t be natural numbers such that k = s+ t¢.
Then every k-arc-strong tournament contains arc-disjoint spanning strong
subdigraphs D1, Dy such that D is s-arc-strong and Dy is t-arc-strong.

Conjecture 6.3. Every k-arc-strong tournament contains a spanning
strong subdigraph H such that T'— A(H) is (k —1)-arc-strong.

Thomassen proved [10, Theorem 4.2] that every 2-arc-strong tournament
T contains a hamiltonian path P such that T—A(P) is strong. It is interesting
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2-strong 2-strong

Figure 4. An infinite family of 2-arc-strong tournaments such that the deletion of the
arcs of any hamiltonian cycle leaves a non-strong digraph. The first and the last box
symbolizes arbitrary 2-arc-strong tournaments and the fat arc indicates that except for
the 6 arcs shown from right to left all other arcs to from left to right.

to note that we cannot replace hamiltonian path by hamiltonian cycle above,
as shown by the infinite class of 2-arc-strong tournaments in Figure 4.

Conjecture 6.4. Except for finitely many exceptions for each k, every k-
arc-strong semicomplete digraph can be decomposed in k arc-disjoint span-
ning strong subdigraphs.

As pointed out by Thomassen in [10] there is no degree r of arc-strong
connectivity which guaranties that every r-arc-strong tournament contains
two arc-disjoint hamiltonian cycles. In fact, a tournament may have arbitrar-
ily high arc-strong connectivity and still deleting a single arc may destroy
all hamiltonian cycles. Thomassen also mentions a construction of Jack-
son showing that a tournament may have arbitrary high arc-strong con-
nectivity without having 4 arc-disjoint hamiltonian paths. On the other
hand Thomassen conjectures that there is some (k) such that every a(k)-
strong tournament contains k arc-disjoint hamiltonian cycles. He shows that
a(2) > 2 and conjectures that every 3-strong tournament contains 2 arc-
disjoint hamiltonian cycles. By a result of Fraisse and Thomassen [7] (saying
that every k-strong tournament has a hamiltonian cycle which avoids any
prescribed set of k—1 arcs), this conjecture would follow from the following
conjecture.

Conjecture 6.5. Every tournament 7T either contains two arc-disjoint
hamiltonian cycles or a set A’ of at most two arcs such that T'— A’ has
no hamiltonian cycle.

As we mentioned in the introduction, for general digraphs almost noth-
ing is known about decompositions into spanning strong subdigraphs and
furthermore it is NP-complete to decide whether a given digraph has a de-
composition into two strong spanning subdigraphs.

Theorem 6.6 (Yeo, unpublished manuscript). It is an NP-complete
problem to decide whether a 2-regular digraph has two arc-disjoint hamil-
tonian cycles.
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Corollary 6.7. It is NP-complete to decide whether a digraph contains two
arc-disjoint spanning subdigraphs.

Conjecture 6.8. [9] There exists a natural number K such that every K-
arc-strong digraph contains arc-disjoint branchings F,", F,", where F,}" is an
out-branching rooted at v and F); is an in-branching rooted at v.

We believe that a much stronger result holds:

Conjecture 6.9. There exists a natural number K such that every K-arc-
strong digraph contains two arc-disjoint strong spanning subdigraphs.

We close with some remarks on decompositions of undirected graphs.
Since every 4k-edge-connected graph has 2k edge-disjoint spanning trees
every 4k-edge-connected graph G contains edge-disjoint spanning k-edge-
connected spanning subgraphs Hi, Ho. There are many other ways to ob-
tain a k-edge-connected graph than just taking the union of k£ edge-disjoint
spanning trees. Since there exist 3-edge-connected graphs with no two edge-
disjoint spanning trees 4k is best possible for £ =1. But perhaps it can be
improved when k> 1.

Problem 6.10. Does there exist a constant ¢ such that every 2k + c-edge-
connected graph contains two edge-disjoint k-edge-connected spanning sub-
graphs.
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